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KA¨HLER-RICCI SOLITONS
ON HOMOGENEOUS TORIC BUNDLES (II)
FABIO PODESTA` AND ANDREA SPIRO
Abstract. It is proved that an homogeneous toric bundles over a flag mani-
fold GC/P admits a Ka¨hler-Ricci solitonic metric if and only if it is Fano. In
particular, an homogeneous toric bundle of this kind is Ka¨hler-Einstein if and
only if it is Fano and its Futaki invariant vanishes identically.
1. Introduction
In this paper we continue the discussion of [14] on Ka¨hler-Einstein and Ka¨hler-
Ricci solitonic metrics over homogeneous bundles π :M → V , with fiber equal to a
compact toric Ka¨hler manifold F and basis V equal to a generalized flag manifold
V = GC/P of a complex semisimple Lie group GC. We call any such bundle a
homogeneous toric bundle.
In [14] we gave necessary and sufficient conditions in order that a homogeneous
toric bundle π : M → V = GC/P has positive first Chern class; In particular this
occurs only if F is Fano. In this second part we determine when a homogenous
toric bundle admits a Ka¨hler-Ricci soliton.
We recall that a Ka¨hler-Ricci soliton consists of a Ka¨hler form ω associated with
a (real) vector field X such that
ρ− ω = LXω , LJXω = 0 ,
where ρ denotes the Ricci form of ω. Notice that if the associated vector field X is
trivial, the Ka¨hler-Ricci soliton ω is a Ka¨hler-Einstein form.
Our main result is the following.
Theorem 1.1. Let F be a toric Ka¨hler manifold of dimension m and π : M → V
be a homogeneous toric bundle with fiber F and basis V = GC/P . The bundle M
admits a Ka¨hler-Ricci soliton if and only if it is Fano.
In particular, the bundle M is Ka¨hler-Einstein if and only if it is Fano and its
Futaki functional vanishes identically.
This theorem extends the result of X.-J. Wang and X. Zhu ([19]) who proved
the existence of a Ka¨hler-Ricci soliton on any Fano toric manifold F , i.e. when the
basis of the toric bundle reduces to a single point. On the other hand, our theorem
includes the results of N. Koiso and Y. Sakane in [15, 9, 10], which give necessary
and sufficient conditions for homogeneous toric bundles with fiber CP 1 in order to
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be Ka¨hler-Einstein (see also [13, 5]). It also generalizes Koiso’s result ([8]) on the
existence of a Ka¨hler-Ricci soliton on any Fano, homogeneous toric bundle with
fiber CP 1 (see also [17]).
The paper is organized as follows. In §2 we fix notations and recall some facts
on homogeneous toric bundles that were used and/or proved in [14]. In §3 we recall
the fundamental results of [16, 17] on Ka¨hler-Ricci solitons and we obtain some
consequences on homogeneous toric bundles. In §4 we compute the holomorphic
invariant introduced by Tian and Zhu in [17] and in §5 we show that the problem of
finding a Ka¨hler-Ricci soliton on the homogeneous toric bundles can be reduced to
a suitable partial differential equation on the toric fiber F : This equation turns out
to be very close to the equation studied in [19]. We conclude showing that under
suitable modifications, the arguments used in the proof of Wang and Zhu for the
solvability of that equation works in our case as well.
We remark that from the proof of Theorem 1.1, it follows that a vector field X
on a homogeneous toric bundle over a flag manifold is the associated vector field
of a Ka¨hler-Ricci soliton if and only if the Tian and Zhu’s invariant FX(·) vanishes
identically.
2. Notations and preliminaries
As we mentioned in the Introduction, this paper is the continuation of [14] and
we will constantly use the same notation and definitions introduced in that paper.
For readers convenience, we briefly recall here all notations and definitions adopted
in that paper, but we refer to [14] for more detailed information.
For any Lie group G, we will denote its Lie algebra by the corresponding gothic
letter g. Given a Lie homomorphism τ : G→ G′, we will always use the same letter
to represent the induced Lie algebra homomorphism τ : g → g′. The center of G
will be denoted by Z(G) and the center of g by z(g).
If G acts on a manifold N , for any X ∈ g, we will use the symbol Xˆ to indicate
the corresponding induced vector field on N . We recall here that [̂X,Y ] = −[Xˆ, Yˆ ]
for every X,Y ∈ g.
We will also denote by Nreg the set of G-principal points in N .
The Cartan Killing form of a semisimple Lie algebra g will be always denoted by
B and, for any X ∈ g, we set X∨ = −B(X, ·) ∈ g∗. Given a root system R w.r.t. a
fixed maximal torus, we will denote by Eα ∈ gC the root vector corresponding to
the root α in the Chevalley normalization and by Hα = [Eα, E−α] the B-dual of α.
In all the following, F denotes a compact, toric Ka¨hler manifold with dimC F =
m and we indicate by Tm the m-dimensional torus acting effectively on F by
holomorphic isometries. A homogeneous toric bundle is a compact Ka¨hler manifold
of the form
M = GC ×P,τ F = G×K,τ F (2.1)
where V = GC/P = G/K is a flag manifold of (complex) dimension n, G is a
compact semisimple Lie group, GC its complexification, P a suitable parabolic
subgroup and τ : P → (Tm)C is a surjective homomorphism.
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We will constantly identify F with the fiber F = FeK = π
−1(eK) over the base
point eK ∈ V = G/K.
The complex structures of M , F and V will be denoted by J , JF and JV ,
respectively. Notice that JV is the natural G
C-invariant complex structure of the
complex homogeneous space GC/P and that J is the unique GC-invariant complex
structure on M , which makes π : M → V a holomorphic map and induces on
F = π−1(eK) the complex structures JF .
We observe that both GC and (Tm)C act naturally as groups of holomorphic
transformations on (M,J), with two commuting actions. The action of GC is the
one induced on M by its standard action on GC × F , while the action of (Tm)C is
defined by
h([g, x]K,τ )
def
= [g, h−1(x)]K,τ , for any h ∈ (Tm)C .
For this reason, in the following we will identify GC × (Tm)C with the correspond-
ing subgroup of Aut(M,J) and gC + tC will be identified with the corresponding
subalgebra of aut(M,J) = Lie(Aut(M,J)).
We recall that g admits an Ad(K)-invariant decomposition g = k⊕m and that,
for any fixed CSA h ⊂ kC of gC, the associated root systemR admits a corresponding
decomposition R = Ro + Rm, so that Eα ∈ kC if α ∈ Ro and Eα ∈ mC if α ∈ Rm.
Furthermore, JV induces a splitting Rm = R
+
m
∪ R−
m
into two disjoint subset of
positive and negative roots, so that the JV -holomorphic and JV -antiholomorphic
subspaces of mC are given by
m(1,0) =
∑
α∈R+
m
CEα, m
(0,1) =
∑
α∈R−
m
CEα . (2.2)
The Lie algebra p of the parabolic subgroup P is p = kC +m(0,1).
We also recall that for anyG-invariant Ka¨hler form ω of V there exists a uniquely
associated element Zω ∈ z(k) so that ω(Xˆ, Yˆ )
∣∣∣
eK
= B(Zω, [X,Y ]) for any X,Y ∈ g.
In particular, theG-invariant Ka¨hler-Einstein form ωV on V , with Einstein constant
c = 1, is associated with the element
ZV = − 1
2π
∑
α∈R+
m
iHα . (2.3)
(see e.g. [2, 3] - be aware that in this paper, we adopt the definition of Ricci form
ρ used e.g. in [7], which differs from the one in [2] and [3] by the factor 12π ).
The homomorphism τ : P → (Tm)C is completely determined by its restriction to
the connected component of the identity Zo(K) of Z(K), which gives a surjective
homomorphism τ : Zo(K) → Tm and a surjective Lie algebra homomorphism
τ : z(k)→ t.
In the following, we will denote by tG
def
= (ker τ)⊥ ∩ z(k). Notice that tG in-
tegrates to a closed subtorus and moreover we can choose a B-orthonormal basis
(Z1, . . . , Zm) of tG so that exp(R · Zj) is closed for every j = 1, . . . ,m. We will
denote by Z ′j
def
= τ(Zj) for j = 1, . . . ,m and by νj the smallest real number such
that exp(νjZ
′
j) = e.
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We will also denote by (Fα1 , Gα1 , . . . , Fαn , Gαn) the basis for m ⊂ g given by the
element
Fαi =
1√
2
(Eαi − E−αi) , Gαi =
i√
2
(Eαi + E−αi) , αi ∈ Rm . (2.4)
The rest of this section will be devoted to the properties we will later use of
the so-called “algebraic representative” of a closed G-invariant 2-form and of their
relations with the moment maps.
If ψ is a G-invariant closed 2-form on M , then there exists a G-equivariant map
Zψ :M → g, uniquely associated with ψ so that
ψp(Xˆ, Yˆ ) = B([Zψ|p, X ], Y ) = B(Zψ|p, [X,Y ]) for any X,Y ∈ g (2.5)
This map is called algebraic representative of ψ and, in case ψ is non-degenerate,
the moment map determined by ψ
µψ :M → g∗
coincides with the (−B)-dual map of Zψ
Z∨ψ
def
= −B(Zψ, ·) :M → g∗.
By G-equivariance, any algebraic representative Zψ is uniquely determined by
its restriction on the fiber F = π−1(eK) and such restriction Zψ|F takes values in
z(k).
In case a G-equivariant 2-form ψ is cohomologous to 0, its restriction to F must
be of the form ψ = ddcφ for some K-invariant smooth function φ : F → R and the
restriction to F of its algebraic representative is
Zψ|F = −
∑
i
JZˆi(φ)Zi . (2.6)
For any given Ka¨hler form ω ∈ c1(M), the restrictions to F of the algebraic repre-
sentatives of ω and of its Ricci form ρ are as follows:
Zω|F =
∑
i
fiZi + ZV , for some smooth functions fi : F → R , (2.7)
Zρ|F =
m∑
i=1
JZˆi(log h)
4π
Zi + ZV , (2.8)
where ZV ∈ z(k) is the element defined in (2.3) and
h = det
(−fi,j) · ∏
α∈R+
m
(aiαfi + bα) , (2.9)
where fi,j
def
= JZˆj(fi), a
i
α
def
= α(iZi), bα
def
= α(iZV ).
Moreover, for any p ∈ F ,
−fi,j(p) = ωp(Zˆj , JZˆi) = 1
2π
gp(Zˆi, Zˆj) . (2.10)
In other words, for any point p ∈ F , the values −fi,j(p) are the entries of a sym-
metric, positive definite matrix and one can check that the map
µ : F → t∗ , µ(q) = − B(
∑
ℓ
fℓZℓ, ·)
∣∣∣∣∣
tG
∈ t∗G ≃ t (2.11)
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is a moment map for the action of Tm determined by ω|TF .
If F has c1(F ) > 0, for a given T
m-invariant Ka¨hler form ψ ∈ c1(F ), a corre-
sponding moment map µψ : F → t∗ is called metrically normalized if
∫
F
ψ · ηmψ = 0
where ηψ is the unique Ka¨hler form in c1(F ) that has ψ as Ricci form. By [14]
§4, for any ψ ∈ c1(F ), there exists a unique associated metrically normalized mo-
ment map and the polytope ∆F = µψ(F ) is independent of ψ and it is called the
canonical polytope of F .
If M is Fano, by Thm. 1.1 of [14], then also F is Fano and the moment map
defined in (2.11) is the metrically normalized moment map determined by ω|TF .
In particular, µ(F ) = ∆F .
In all the following, we will also constantly identify t∗(= t∗G) with R
m, through
the vector space isomorphism that maps the elements eℓ
def
= 14π B(Zℓ, ·)|tG into the
canonical basis of Rm. By virtue of such identification, in next sections the map µ
will always be written as
µ : F → ∆F ⊂ Rm , µ(q) = (−4πf1(q), . . . ,−4πfm(q)) . (2.12)
3. Ka¨hler-Ricci solitons and associated vector fields on
homogeneous toric bundles
First of all, let us recall the definition of Ka¨hler-Ricci soliton (see e.g. [16]).
Definition 3.1. Let (N, J, ωˆ) be a compact Ka¨hler manifold of positive first Chern
class. We call Ka¨hler-Ricci soliton any pair (ω,X), where ω is a Ka¨hler form on
M and X is a (real) vector field on M such that:
a) LJXω = 0 , b) ρ− ω = LXω = d(ıXω) .
If (ω,X) is a Ka¨hler-Ricci soliton, we will say that ω is the Ka¨hler form of the
soliton and that X is the associated vector field .
From b) it is clear that a compact Ka¨hler manifold admits a Ka¨hler-Ricci soliton
only if it is Fano.
We need now to introduce some notation regarding Ka¨hler-Ricci solitons. For
a given compact Ka¨hler manifold (N, J), we denote by Aut(N, J) the group of
all complex automorphisms of N , by Aut(N, J)o its connected component of the
identity and by Ru(N, J) its unipotent radical.
In the next statement, we collect some crucial facts on Ka¨hler-Ricci solitons
obtained by Tian and Zhu (see [16], Thm. A, [17], Prop. 3.1, Prop. 2.1, Thm.
3.2).
Theorem 3.2. Let (N, J, ωˆ) be a compact Ka¨hler manifold with positive first Chern
class and assume that it admits a Ka¨hler-Ricci soliton (ω,X). Denote also by
G(ω) ⊂ Aut(N, J)o the subgroup of all isometries of ω. Then:
i) G(ω) is a maximal compact subgroup of Aut(N, J)o and JX belongs to the
center z(g(ω));
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ii) all Ka¨hler-Ricci solitons (ω′, X ′) on N are of the form
ω′ = σ∗ωˆ , X ′ = σ−1∗ (X)
for some σ ∈ Aut(N, J)o.
Remark 3.3. From i) and ii) of the previous theorem, it follows immediately that
N admits a Ka¨hler-Ricci soliton (ω,X) if and only if, for a given maximal compact
subgroup G˜ ⊂ Aut(N, J)o, there is a Ka¨hler-Ricci soliton (ω(G˜), X(G˜)), where ω(G˜)
is G˜-invariant and JX(G˜) ∈ z(g˜).
Let us now consider an homogeneous toric bundle M = GC ×P,τ F , with the
fiber F acted on by the torus Tm (and hence by its complexification (Tm)C). The
following lemma is crucial.
Lemma 3.4. Let M = GC ×P,τ F be a homogeneous toric bundle, G˜ ⊂ Aut(M)o
a maximal compact subgroup containing G× Tm and g˜ = Lie(G˜). Then z(g˜) ⊂ t.
Proof. By Blanchard’s Lemma ([4]; see also [1], Prop. 1, p. 45), for any Y ∈ z(g˜)
the group A
def
= exp(R · Y ) is a compact, abelian subgroup of Z(G˜) consisting of
fiber preserving biholomorphisms. This implies that A projects onto a compact,
connected group AV of biholomorphisms of V with AV ⊆ CA(GC), where A def=
Aut(V, JV )
o. Now, if A = GC, then AV is trivial because GC is semisimple. If
A ) GC, then the possible pairs (A, GC) have been classified by Onishchik in [12]
and it is easily checked that CA(G
C) is trivial and hence AV = {e}. This means
that A fixes all fibers and that the restriction of A to F = F |eK commutes with
the action of Tm.
On the other hand, by Demazure’s Structure Theorem for toric manifold (see
e.g. [11], p. 140), Aut(F, JF )
o is a linear algebraic group and Tm is a maximal
algebraic torus of Aut(F, JF )
o. This implies that for any a ∈ A the biholomorphism
a|F : F → F coincides with some biholomorphism t|F , t ∈ Tm or, equivalently, that
a◦t−1|F = Id. Since both a and t commute with G, it follows that a◦t−1|π−1(gK) =
Id for any fiber π−1(gK) ∈M and hence that a = t and z(g˜) ⊂ t. 
From Lemma 3.4 and Remark 3.3, we immediately obtain the following corollary.
Corollary 3.5. An homogeneous bundle M = GC ×P,τ F admits a Ka¨hler-Ricci
soliton if and only if there is a Ka¨hler-Ricci soliton (ω,X) on M , where ω is a
G× Tm-invariant and X = JYˆ for some Y ∈ t = Lie(Tm).
4. The Tian-Zhu invariants of a homogeneous toric bundles
In [17], G. Tian and X.-H. Zhu proved that, on a given compact complex manifold
(N, J), a vector field X is the associated vector field of a Ka¨hler-Ricci soliton (ω,X)
only if a certain holomorphic invariant homomorphism
FX : aut(N, J)→ R
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vanishes identically. Such homomorphism FX is an analogue of the classical Futaki
invariant F : aut(N, J) → R of (N, J) ([6]) and one has FX = F when X = 0. In
the following, we will call such homomorphism the Tian-Zhu invariant associated
with X .
In [17] the following important property has been proved.
Theorem 4.1. ([17], Prop. 2.1) Let (N, J) be a compact complex Ka¨hler mani-
fold with c1(N) > 0. For any maximal compact subgroup G˜ ⊂ Auto(N, J), there
exists exactly one element Y ∈ z(g˜) (possibly equal to 0) so that FJYˆ (·) vanishes
identically.
Let us now consider the toric bundle M . By Lemma 3.4 and Theorem 4.1, if
we consider a maximal compact subgroup G˜ ⊂ Aut(M,J) that contains G × Tm,
there exists exactly one Y ∈ t so that the Tian-Zhu invariant FX(·) with X = JYˆ
vanishes.
We need now to determine the explicit expression for FX when X = JYˆ , for
some Y ∈ t. Recall that, since (Z ′1, . . . , Z ′m) is a basis for t, any vector field of this
kind is of the form
X(λ) =
m∑
ℓ=1
λℓJZˆ ′ℓ (4.1)
for some suitable λ = (λ1, . . . , λm) ∈ Rm.
Lemma 4.2. Assume that M is Fano and let ω be a G × Tm-invariant Ka¨hler
form on M , with algebraic representative so that Zω|F =
∑
i fiZi + ZV for some
smooth functions fi : F → R. For any vector field X on M such that LJXω = 0,
then there exists a unique smooth real valued function θ(X) such that
LXω = 14πddcθ(X) = i2π∂∂¯θ(X)∫
M
eθ
(X)
ωn+m =
∫
M
ωn+m .
(4.2)
If X = X(λ) is a vector field of the form (4.1), then the corresponding function θ(λ)
is G× Tm-invariant and the restriction of θ(λ)|F is
θ(λ)
∣∣∣
F
= −4π
∑
j
λjfj + C
(λ) (4.3)
where C(λ) is the real number
C(λ) = log
( ∫
M
ωn+m∫
M
e−4πλifiωn+m
)
. (4.4)
The constant C(λ) is the same for all cohomologous G×Tm-invariant Ka¨hler forms.
Proof. Since c1(M) > 0 and LJXω = dıJXω = 0, by Bochner’s theorem b1(M) = 0
and there exists a unique function θX so that
1
4π
dcθ(X) = (ıXω) ◦ J = −ıJXω
and (4.2)2 is satisfied. From uniqueness and the fact that ω and X
(λ) are both
G × Tm-invariant, it follows that the function θ(λ) associated with X = X(λ) is
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G× Tm-invariant. Moreover, one can check the G× Tm-invariant function defined
by (4.3) is the required function because it satisfies (4.2)2 and
ddcθ(λ)(Zˆi, JZˆj)
∣∣∣
F
= LX(λ)ω(Zˆi, JZˆj)
∣∣∣
F
1 ≤ i, j ≤ m .
Finally, by (2.6) if ω′ and ω are cohomologous, the algebraic representative of ω′
is given by Zω′ |F =
∑
j f
′
jZj + ZV with f
′
j = fj − JZˆi
(
1
4πφ
)
for some smooth
G×Tm-invariant function φ : M → R. By (4.3), the function θ′(λ) relative to ω′ is
θ′(λ) = −4π
∑
j
λjfj + λ
jJZˆj (φ) + C
′(λ) = θ(λ) +X(λ)(φ) +
(
C′(λ) − C(λ)
)
,
where we denoted by C′(λ) the constant (4.4) determined by ω′ in place of ω. On
the other hand, Lemma 2.1 of [17] shows that θ′(λ) = θ(λ)+X(λ)(φ) and hence that
C′(λ) = C(λ). 
Proposition 4.3. Assume that M is Fano. For any λ ∈ Rm, we have that
FX(λ)(JYˆ ) = 0 for all Y ∈ t if and only if all integrals∫
∆F
xke
λaxa
∏
α∈R+
m
(
−a
j
αx
j
4π
+ bα
)
dx1 ∧ · · · ∧ dxm , 1 ≤ k ≤ m , (4.5)
vanish.
Proof. Let ω be a G× Tm-invariant Ka¨hler form in c1(M), ρ the Ricci form of ω
and hω a smooth function on M such that
ρ− ω = 1
4π
ddchω =
i
2π
∂∂¯hω . (4.6)
It follows that the algebraic representatives of ρ, ω and 14πdd
chω are so that Zρ −
Zω = Z 1
4π dd
chω
. From (2.6) - (2.8), we have that
JZˆj(hω) = −JZˆj(log h) + 4πfj (4.7)
where h : F → R is defined in (2.9). According to the definition given in [17],
FX(λ)(Y ) def=
∫
M
Y
(
hω − θ(λ)
)
eθ
(λ)
ωn+m for any Y ∈ aut(M,J) , (4.8)
where θ(λ) :M → C is the unique smooth function that satisfies the condition (4.2).
Let us now compute FX(λ)(JYˆ ) when Y = Z ′k. First of all, let us fix a point
po ∈ Freg and consider the diffeomorphism
ξ : Freg → Rm × Tm ≃ (C∗)m ,
ξ
exp
 m∑
j=1
(
tj + isj
)
iZ ′j
 · po
 = (2π
ν1
t1ei
2π
ν1
s1 , . . . ,
2π
νm
tmei
2π
νm
sm
)
.
If we identify Freg with (C∗)m by means of ξ, the pairs (
2π
νi
ti, 2π
νi
si)’s are polar
coordinates for the factors C∗ of (C∗)m and we may consider the m-tuple (
2π
ν1
(t1 +
is1), . . . , 2π
νm
(tm + ism)) as a system of complex coordinates on Freg ≃ (C∗)m such
that
∂
∂ti
= JZˆi ,
∂
∂si
= −Zˆi .
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Now, set ΩF = dt
1 ∧ · · · ∧ dtm ∧ ds1 ∧ · · · ∧ dsm.
Lemma 4.4. There is a suitable constant C such that for any G-invariant function
φ ∈ C∞(M)G we have∫
M
φ · ωn+m = C · Volωn
V
(V ) ·
∫
Freg
φ · h · ΩF , (4.9)
where h ∈ C∞(F )Tm is the Tm-invariant function defined in (2.9).
Proof. Let Um be a open set in m containing 0 such that the map ψ : Um →
exp(Um) · (eP ) def= UV is a diffeomorphism onto its image and the mapping λ :
F × UV → π−1(UV ) def= U given by λ(f, exp(X) · (eP )) = exp(X) · f is a bundle
isomorphism. We then select gj ∈ G, j = 1, . . . , N , so that V =
⋃N
j=1(gj · UV ) and
put A0 = ∅ and Aj def= gjU for j = 1, . . . , N . Hence∫
M
φ · ωn+m =
N∑
j=1
∫
Aj\(
⋃ j−1
i=0, Ai)
φ · ωn+m =
=
N∑
j=1
∫
U\(
⋃ j−1
i=0, g
−1
j Ai)
φ · ωn+m . (4.10)
In U ∼= F × UV we may restrict to the submanifold Freg × UV and we may define
the function h˜ ∈ C∞(Freg × UV ) by means of the following
ωn+m = h˜ · ΩF ∧ ωnV .
The function h˜ can be easily determined by evaluating the forms ωn+m and ΩF ∧ωnV
on the frames {Zˆi, JZˆi, Fˆj , Gˆj} at the points of Freg; A direct computation shows
that h˜ = C · h, for some suitable constant C.
Using the G-invariance and Fubini’s theorem, (4.10) reads∫
M
φ · ωn+m =
N∑
j=1
∫
F×(UV \(
⋃j−1
i=1 g
−1
j giUV ))
φ · ωn+m =
=
N∑
j=1
∫
(UV \(
⋃j−1
i=1 g
−1
j giUV ))
(∫
Freg
φ · h˜ · ΩF ∧ ωnV
)
=
= C
 N∑
j=1
∫
UV \(
⋃ j−1
i=1 g
−1
j giUV )
ωnV
·∫
Freg
φ·h·ΩF = C ·Volωn
V
(V )·
∫
Freg
φ·h·ΩF . 
By Lemma 4.4, (4.8), (4.2) and (4.7), it follows that FX(λ)(JYˆ ) = 0 for all Y ∈ t
if and only if the integrals
g
(λ)
k =
∫
Freg
JZˆk
(
hω − θ(λ)
)
eθ
(λ) · h · ΩF =
=
∫
Freg
(
−JZˆk(log h) + 4πfk + JZˆk(4πλjfj)
)
· e−4πλjfj+C(λ) · h · ΩF (4.11)
are equal to 0 for all k = 1, . . . ,m.
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On the other hand, if we identify Freg with (C∗)m by means of the map ξ
described above, we have that∫
Freg
(
JZˆk(log h)− JZˆk(4πλjfj)
)
· e−4πλjfj · h · ΩF =
=
∫
Rm
∂
∂tk
(
h · e−4πλjfj
)
dt1 ∧ · · · ∧ dtm ∧ ds1 ∧ · · · ∧ dsm =
= (−1)k
∫
Rm−1
(∫ ∞
−∞
∂
∂tk
(
h · e−4πλjfj
)
dtk
)
dt1∧ . . .
k̂
· · ·∧dtm∧ds1∧· · ·∧dsm =
= (−1)k
∫
Rm−1
 lim
a→+∞
b→−∞
(
h · e−4πλjfj
)∣∣∣tk=b
tk=a
 dt1∧ . . .
k̂
· · ·∧dtm∧ds1∧· · ·∧dsm =
= 0 (4.12)
where the last equality is obtained from the definition of h, the fact that the func-
tions fj : Freg → R are bounded (see (2.12)) and the property that
det(−fi,j) : Freg → R , det(−fi,j)|p =
1
(2π)m
det(gp(Zˆi, Zˆj))
goes to 0 when p tends to a point of F \ Freg, since
F \ Freg = { q ∈ F such that Zˆj
∣∣∣
q
= 0 for some j = 1, . . . ,m } .
From (4.12), it follows that the integrals g
(λ)
k are equal to
g
(λ)
k = C
∫
Freg
fke
−4πλjfj det(−fℓ,s) ·
∏
α∈R+
m
(aiαfj + bα) · ΩF (4.13)
for some constant C. Using the change of variables (ti, si) 7→ (xi = −4πf i(tj , sk), si)
and the the fact that the integrand is independent of the coordinates si, one can
check that (4.13) is equal (up to a multiplicative constant) to the integral (4.5)
over the image of the moment map µ = (−4πf1, . . . ,−4πfm), i.e. the canonical
polytope ∆F ⊂ Rm. 
5. The reduction of the solitonic Ka¨hler equation on M to an
equation on the toric manifold F and the proof of Theorem 1.1
By Thm. 1.1 of [14], we know thatM = GC×P,τ F is Fano only if also F is Fano.
In the proof of that theorem, we have shown that the correspondence ω 7→ ω|TF
between 2-forms on M and on F maps any G-invariant Ka¨hler form in c1(M) into
a Tm-invariant Ka¨hler form on F , which belongs to c1(F ). The following lemma
shows that such correspondence is actually bijective.
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Lemma 5.1. Let c1(M) > 0 and denote by c1(M)
G×Tm and c1(F )
Tm the sets
of G × Tm-invariant 2-forms in c1(M) and of Tm-invariant 2-forms in c1(F ),
respectively. Then there exists a map
E : c1(F )
Tm −→ c1(M)G×T
m
(5.1)
which is inverse to the map
R : ω ∈ c1(M)G×T
m −→ ω|TF ∈ c1(F )T
m
.
Moreover, E(ω) is Ka¨hler if and only if ω is Ka¨hler.
Proof. Let us fix a Ka¨hler form ωo ∈ c1(F )Tm . Any Tm-invariant ω ∈ c1(F ) is of
the form ω = ωo + dd
cφω for some T
m-invariant function φω, which is unique up
to a constant. We denote by µω the map
µω : F → t∗ , µω|p(X) def= µωo |p(X)− dcφω(Xˆp) for any X ∈ t. (5.2)
where µωo is the metrically normalized moment map associated to the Ka¨hler form
ωo (for the definition, see §2). One can check that µω is the metrically normalized
moment map relative to ω, whenever ω is non-degenerate.
Now, for any ω ∈ c1(F )Tm we define E(ω) as the unique G×Tm-invariant 2-form
on M , whose restriction on TM |F is as follows: for any p ∈ F , X,Y ∈ TpF and
A,B ∈ m
E(ω)p(X,Y ) = ωp(X,Y ) , E(ω)p(X, Aˆ) = 0 ,
E(ω)p(Aˆ, Bˆ) = −µω(p)(τ([A,B]k)) + (π∗ωV )p(Aˆ, Bˆ) , (5.3)
where ωV is the G-invariant Ka¨hler-Einstein form on V with Einstein constant
c = 1 and where we denoted by “[A,B]k” the component of [A,B] along k w.r.t.
the decomposition g = k ⊕ m. Going through the arguments after formula (5.1) of
[14], one can check that E(ω) is closed and J-invariant.
It is also direct to see that the algebraic representative ZE(ω) of E(ω) is so that
ZE(ω)
∣∣
F
=
∑
j
(
foj − JZˆj(φω)
)
Zj + ZV (5.4)
where the foj : F → R are (up to the factor −4π) equal to the components of
µωo : F → t∗ ≃ Rm under the identification (2.12). It follows that the algebraic
representative of E(ω2) − E(ω1) is the same of ddc(φω2 − φω1), meaning that the
image of E is in a single cohomology class. Moreover, by looking at the algebraic
representatives, one can see that the 2-form E(ρ), where ρ is the Ricci form of ω,
coincides with the 2-form ρo defined in formula (5.7) of [14]. By the proof of Thm.
1.1 in [14], we know that ρo ∈ c1(M) and hence E(ω) ∈ c1(M) for any ω.
From (5.4) and the remarks at the end of §2, for any ω ∈ c1(M)G×Tm the alge-
braic representatives of ω and of E(R(ω)) coincide and hence ω = E(R(ω)). This
implies that E is inverse to R since, by construction, we also have that R(E(ω)) = ω
for any ω ∈ c1(F )Tm .
The last claim follows from the fact that, for any Ka¨hler form ω ∈ c1(F )Tm ,
the 2-form E(ω) is positive because it is G-invariant and its restriction at TM |F
is positive. This is true because, if we denote by −4πfj the components of the
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metrically normalized moment map µω of ω, from (5.4) we have that for any αj ∈
R+m
ω˜p(Fˆαj , JFˆαj ) = B(
∑
k
fkZk + ZV , [Fαj , Gαi ]) = iαj(
∑
k
fkZk + ZV ) > 0 , (5.5)
which coincides with condition (1.1) of Thm. 1.1 of [14] in a different notation. 
We now want to determine the differential equations that characterize the Tm-
invariant Ka¨hler forms in c1(F ) corresponding to invariant solitonic Ka¨hler forms
of M . We recall that, by Corollary 3.5, there exists a solitonic Ka¨hler form on M if
and only if there exists a Ka¨hler-Ricci soliton (ω˜, X) where ω˜ is G × Tm-invariant
and X is of the form X = X(λ) =
∑
k λ
kJZˆ ′k for some λ ∈ Rm.
To simplify the notation, in the following, for any Tm-invariant 2-form ω ∈ c1(F ),
we will denote by ω˜ = E(ω) the corresponding 2-form in c1(M)
G×Tm . Similarly,
any 2-form in c1(M)
G×Tm will be denoted with a symbol of the form ω˜ and the
corresponding 2-form in c1(F ) will be indicated by ω = R(ω˜).
For any Ka¨hler form ω˜ ∈ c1(M)G×Tm , let us indicate by (−4π) ·fω,j : F → R the
components of the metrically normalized moment map µω : F → ∆F ⊂ Rm ≃ t∗,
relative to ω, as given in (2.11) and (2.12). Let also ρ˜ be the Ricci form of ω˜ and
φω˜,ρ˜ the unique potential on M so that
ρ˜ = ω˜ +
1
4π
ddcφω˜,ρ˜ ,
∫
M
eφω˜,ρ˜ ω˜n+m =
∫
M
ω˜n+m. (5.6)
Notice that φω˜,ρ˜ is G × Tm-invariant and hence it is uniquely determined by its
restriction to F .
From Lemma 4.2, the pair (ω˜, X(λ)) is a Ka¨hler-Ricci soliton if and only if
φω˜,ρ˜ + 4π
i∑
λ
jfω,j − C(λ) = 0 , (5.7)
where C(λ) is defined by (4.4) and it is independent of ω.
We now fix a Tm-invariant Ka¨hler form ωo ∈ c1(F ). For any other Tm-invariant
Ka¨hler form ω, we denote by ψω the unique potential on F so that
ω = ωo +
1
4π
ddcψω ,
∫
F
eψωωmo =
∫
F
ωmo (5.8)
and we want to determine the equation in the unknown function ψω determined by
the condition (5.7).
Let ω˜o = E(ωo) be the G× Tm-invariant Ka¨hler form given by Lemma 5.1 and
let Zω˜o =
∑
i foiZi + ZV be the restriction to F of the algebraic representative of
ω˜o. We consider also a system of complex coordinates (t
1 + is1, . . . , tm + ism) on
Freg ≃ (C∗)m as in the proof of Proposition 4.3, such that
∂
∂ti
= JZˆi ,
∂
∂si
= −Zˆi . (5.9)
Since Freg ≃ Rm × Tm, the maps foi are Tm-invariant and, by (2.10), ∂foi∂tj = ∂foj∂ti
for all i, j’s, then there exists a Tm-invariant smooth function uo : Freg → R so that
foi|Freg = −
1
4π
∂uo
∂ti
. (5.10)
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The function uo is uniquely determined up to an additive constant. It can also be
checked that ωo|Freg = 14πddcuo.
We claim that there exists some suitable constant Cω so that φω˜,ρ˜|Freg = Ψ+Cω
where
Ψ
def
= − log
∣∣∣∣∣∣det
(
∂2(uo + ψω)
∂ti∂tj
)
·
∏
α∈R+
m
(
−a
i
α
4π
∂(uo + ψω)
∂ti
+ bα
)∣∣∣∣∣∣− (uo + ψω) .
(5.11)
In order to check this, notice that by (2.6), the restriction to F of the algebraic
representative of ω˜ = ω˜o +
1
4πdd
cψω is
Zω˜ =
∑
j
(
foj − 1
4π
JZj(ψω)
)
Zj + ZV = − 1
4π
∑
j
∂(uo + ψω)
∂tj
Zj + ZV .
Then, from (2.8), it follows that the algebraic representative of 14πdd
cΨ coincides
with the algebraic representative of ρ˜− ω˜ = 14πddcφω˜,ρ˜ and hence that Ψ− φω˜,ρ˜ is
a constant. The value of Cω is uniquely determined by the normalizing condition
(5.6)2.
From (5.7) together with the expression of φω˜,ρ˜ given by (5.11) and setting
ϕ = ψω + Cω , we obtain the following proposition, which reduces the solitonic
equation on M to a Monge-Ampere equation on the toric manifold F .
Proposition 5.2. Let ωo be a fixed T
m-invariant Ka¨hler form in c1(F ) and uo :
Freg → R be a fixed smooth function so that (5.10) holds. Let also X(λ) be the
vector field of the form (4.1) such that FX(λ)(·) = 0 and let C(λ) be the constant
defined by (4.4).
A Tm-invariant Ka¨hler metric ω ∈ c1(F ) is so that the corresponding G × Tm-
invariant Ka¨hler form ω˜ ∈ c1(M) is a soliton, with associated vector field X(λ), if
and only if
ω = ωo +
1
4π
ddcϕ ,
where ϕ : F → R is a smooth Tm-invariant function that satisfies
det
(
∂2(uo + ϕ)
∂ti∂tj
)
=
1∏
α∈R+
m
(
−aiα4π ∂(uo+ϕ)∂ti + bα
)e−C(λ)−X(λ)(uo+ϕ)−uo−ϕ (5.12)
at all points of Freg.
We recall that, by Theorem 4.1 and Lemma 3.4, there exists a unique λ ∈ Rm so
that FX(λ)(·) vanishes identically. By Proposition 4.3, for such λ all integrals (4.5)
are equal to 0.
In [19], X.-J. Wang and X. Zhu determined a Monge-Ampere equation that char-
acterizes the Tm-invariant Ka¨hler-Ricci solitons on F and proved the solvability of
such equation. Notice that the case considered by Wang and Zhu can be interpreted
as a homogeneous toric bundle with basis given by a single point. And in fact the
Monge-Ampere of Wang and Zhu can be obtained from (5.12) by setting the factor
A = 1∏
α∈R+
m
(
−aiα4π ∂(uo+ϕ)∂ti + bα
) (5.13)
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equal to 1.
We claim that the arguments used in [19] for proving the solvability of (5.12)
when A = 1 remain valid also when A 6= 1 and hence that (5.12) is always solvable.
In fact, as in [19], the solvability of (5.12) can be obtained by the continuity
method, namely by considering the family of equations
det
(
∂2(uo + ϕ)
∂ti∂tj
)
=
1∏
α∈R+
m
(
−aiα4π ∂(uo+ϕ)∂ti + bα
)e−C(λ)−X(λ)(uo+ϕ)−uo−tϕ ,
(5.14)
parameterized by the real numbers t ∈ [0, 1]. By the same arguments used for the
proof of Proposition 5.2, one can see that (5.14) is the Monge-Ampere equation
characterizing the Tm-invariant 2-forms ω ∈ c1(F ), whose associated G × Tm-
invariant 2-form ω˜ satisfy
ρ˜− ω˜o − t(ω˜ − ω˜o) = LX(λ) ω˜ . (5.15)
By the results of [20] and [16], (5.15) is solvable for any t in an open subinterval
[0, ǫ[⊂ [0, 1] and hence the same is true for the equation (5.14). Moreover, for any
t ∈ [0, 1], if ϕ is a solution of (5.14) that corresponds to a Ka¨hler metric, then
its G × Tm-invariant extension is the potential w.r.t. ω˜o of a Ka¨hler form ω˜ that
satisfies (5.15) and hence in c1(M). It follows that the functions
−4πfi = ∂(uo + ϕ)
∂ti
are the components of the metrically normalized moment map of ω and take value
in the polytope ∆F , which is a bounded convex domain in Rm and it is independent
of t. In particular, the algebraic representative of ω˜ is of the form (2.7), the function
µ = (−4πf1, . . . ,−4πfm) : F → Rm ≃ t∗ is a metrically normalized moment map
on F and the image µ(F ) = ∆F is independent of the value of t. Since A coincides
with the function
∏
α∈R+
m
(−B(∑mi=1 fiZi + ZV , Hα), by Thm 1.1 of [14], the values
of A are always positive and are bounded above and below by two constants that
are independent of t.
From this facts and the generalizations of [16] of the a priori estimates of [18],
the solvability of (5.14) for t = 1 is proved if one can give a uniform upper and
lower estimates for the solutions ϕ of (5.14) for any t ∈ [ǫ, 1] for some 0 < ǫ.
One can check that the proofs of Lemmata 3.2 - 3.5 in [19] remain valid also if
A 6= 1 provided that the following properties and differences on notation are taken
into account:
i) The canonical polytope ∆F should be considered as equal to the dual Ω
∗
of the polytope denoted by Ω in [19] and the m-tuple (λ1, . . . , λm) should
be considered as equal to the m-tuple of constants (c1, . . . , cm) considered
in [19]; Moreover, with no loss of generality, one should assume that our
function uo : Freg → R so that ωo|TF = 14πddcuo coincides with the function
denoted by “u0” in [19];
ii) By the previous remarks, ifM is Fano, there exist two positive real numbers
0 < K1 < K2, independent on t, so that K1 ≤ A ≤ K2 at any point of Freg
and for any solution of (5.12);
iii) From (ii) and the fact that all integrals (4.5) are equal to 0, the polytope
Ω∗ = ∆F ⊂ Rm contains the origin also when A 6= 1;
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iv) The equality 0 =
∫
Ω∗
yie
∑
ℓ cℓyℓdy which appears at the end of the proof of
Lemma 3.3 of [19] should be replaced by the equality
0 =
∫
Ω∗
yie
∑
ℓ cℓyℓ
∏
α∈R+
m
(
−
∑
j a
j
αy
j
4π
+ bα
)
dy1 ∧ · · · ∧ dym
which is true by Proposition 4.3; Under this replacement, all remaining
equalities considered in Lemma 3.3 of [19] remain true also when A 6= 1.
Those lemmata give the needed estimates and the solvability of (5.12) is proved.
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